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Introduction
The purpose of this paper is to prove the following Theorem 1.1. Let R be a Cohen-Macaulay local ring with maximal ideal m and suppose that dimR > 2. Then the following two conditions are equivalent.
( 1 ) 7? is a regular local ring. In the above theorem our contribution is the implication (2) => (1) and the reverse one is due to J. Stückrad [4, Satz 2] .
As is well known, Stückrad and Vogel discovered in 1978 a cohomological criterion, so-called now the surjectivity criterion for Buchsbaum modules:
Surjectivity criterion ([4, Satz 2] and [5, p. 732, Theorem 1]). Let M be a finitely generated module over a Noetherian local ring (R, m). If the canonical map Ext'R(R/m,M) -4 H'm(M) is surjective for any i / dim^M, M is a Buchsbaum Ä-module. When R is regular, the converse is also true.
This criterion is general enough and really powerful. In fact, passing to the m-adic completion R of R and appealing to the structure theorem of Cohen, one may assume the base ring 7? to be regular; hence a given R-module M is Buchsbaum if and only if the maps <p'M are surjective for all i / dimÄ M. Comparing with this clear assertion one might feel our Theorem (1.1) somewhat pedantic. However there has been known only one example of Buchsbaum modules M which fail to have the surjectivity of the maps <p'M , provided that R is not regular (cf. [4] ). On the contrary Theorem (1.1) and its proof claim that any nonregular Cohen-Macaulay local ring R of d -dim R > 2 possesses at least one Buchsbaum .R-module M of dimR M = d, for which the canonical map E\iR(R/m,M)'Pji Hxm(M) is not surjective.
The proof of Theorem (1.1) shall be given in the next section. Unfortunately the hypothesis in (1.1) that R is Cohen-Macaulay cannot be removed. There exists a nonregular Buchsbaum local ring R of dim R = 2 that satisfies the condition (2) of (1.1) (cf. Proposition (3.2)). We will explore two examples in §3.
Throughout this paper let R stand for a Noetherian local ring with maximal ideal m and let 77^(-) denote the z'th local cohomology functor relative to m.
Proof of Theorem 1.1
In this section we assume that R is a Cohen-Macaulay ring of ddim R > 2. We choose a minimal system xx, x2, ... , xn of generators for the maximal ideal m so that the sequence x¡ , x¡ , ... , x¡ forms a system of parameters of R for any 1 < z, < i2 < ■ ■■ < id < n . Let 0 -L -» R" t*'*2"-*"1, R -+ R/m -0 denote the initial part of a minimal free resolution of R/m and let {e¡}l<i<n be the standard basis of R" . Then L 3 f.: = x,e: -x¡e¡ (1 < i < j < n). g., [6, 7] ). To prove that M is Buchsbaum we need the following lemma.
Lemma 2.2 [7, Proposition 3.2]
. Let R be a Noetherian local ring and let M be a generalized Cohen-Macaulay R-module. Then M is Buchsbaum if and only if the maximal ideal m of R contains a system xx ,x2, ... ,xn of generators that satisfies the following condition: For any 1 < ix < i2 < ■ ■ ■ < is < n (s = dimÄ M), the elements x¡ , x¡ , ... , x¡ form a system of parameters for M and one has the equality
where q = (xit,xh, ... ,x¡)R.
Let \ < ix < i2< ■■■ < id < n be integers and put q = (xi ,x¡ , ... ,x¡ )R. Then by virtue of (2.2) Then R satisfies the condition (2) o/(l.l).
Proof. By [4, Satz 2] we may assume that R is nonregular. Then R possesses no Buchsbaum module M of dimÄM -2. In fact, assume the contrary and choose a Buchsbaum .R-module M of dimÄ M = 2. Then as R is an integral domain, R is contained in the endomorphism algebra End^ M whence 7? is a subalgebra of End^ M. Let 33 e Ass R. Then as *ß e Ass-M and as M is a Buchsbaum Ä-module, we have either dim R/^ß = 2 or çp = mi? (cf. [5, p. 730, Lemma 2]). Of course, since depth R > 0, we get $/ mR and so dim R/^ß -2 for any <p e Ass R. Hence R is unmixed, which implies by [3, (40.6 ) Theorem] that R is a regular local ring because e(R) = 1 by our assumption-this contradicts the choice of 7?. Thus R possesses no Buchsbaum module M of dimÄ M = 2.
In his famous book [3, p. 203, Example 2] Nagata constructed a twodimensional nonregular local integral domain R of e(R) = 1. His example asserts by (3.1) that the hypothesis in (1.1) that R is Cohen-Macaulay is not superfluous. Proposition 3.2. Let S be a three-dimensional regular local ring with maximal ideal n. Let X e n \ n and let I be a proper ideal in S of htsI > 2. Then the ring R = S/XI satisfies the condition (2) 
